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Abstract
From higher dimensional theories, e.g. string theory, one expects the presence of non-minimally
coupled scalar fields. We review the notion of conformal frames in cosmology and emphasize their
physical equivalence, which holds at least at a classical level. Furthermore, if there is a field, or
fields, which dominates the universe, as it is often the case in cosmology, we can use such notion of
frames to treat our system, matter and gravity, as two different sectors. On one hand, the gravity
sector which describes the dynamics of the geometry and on the other hand the matter sector
which has such geometry as a playground. We use this interpretation to build a model where the
fact that a curvaton couples to a particular frame metric could leave an imprint in the CMB.
Note: Prepared for the Proceedings for the 2nd LeCosPA Symposium: Everything about
Gravity.
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I. INTRODUCTION: CONFORMAL FRAMES
In cosmology, it is certainly often assumed that some field(s) rules the evolution of the
universe, i.e. dictates metric dynamics, while the rest, say matter, plays out its dynamics in
such a given geometry. There is no reason, at least on cosmological scales, to a priori assume
that the playground geometry for matter, from now on we call it matter metric, is exactly
equal to that given by the dominating fields, for example if those fields are non-minimally
coupled to gravity. These metrics could be non-trivially related through a function of the
fields, the simplest case being the so-called conformal transformation, that is a rescaling of
the metric. Needless to say, these two geometries must be almost indistinguishable on solar
system scales, where very strong constraints apply.
One may wonder if such model, i.e. two different geometries, could be derived from a
theoretical model rather than be postulated. In fact, without going into much details, it is
fairly easy to see that in higher dimensional spacetimes this is not surprising at all[1]. For
example, consider a D-dimensional space where the metric is given by g(D)µν (x, y) g(D)µB (x, y)
g
(D)
Aν (x, y) g
(D)
AB (x, y)
 (1)
where µ, ν=1...4, A,B=4...D and x and y are respectively 4 and 4-D dimensional coordi-
nates. As matter is concerned, we know it lives in a 4 dimensional spacetime. How is the
dimensionality reduced or, in other words, which is the effective metric for matter, covers
many possibilities. To gather some examples, one could have:
gµν(x)
?
=

〈g(D)µν 〉4−D
f(x)〈g(D)µν 〉4−D
g
(D)
µν (x, 0)
...
, (2)
where brackets mean that we integrated out the 4-D extra dimensions. Under a dimensional
reduction, the initial D tensor modes translate into 4 tensor, 4 vector and 4 scalar modes.
Most likely, such dimensional reduction ends up involving dilatonic scalars, that is scalars
fields which non-minimally couple to matter and/or gravity. In that sense, it is clear that
there is no unique natural conformal or physical frame a priori.
For concreteness sake, let us show two typical conformal frames in cosmology and let us
work in planck units (~ = c = Mpl = 1). On one hand, the Jordan frame[2, 3] where the
2
action is given by
S =
∫
d4x
√−g¯ {F (φ)R¯ + L(φ) + Lm(ψ,A, ...)} , (3)
where matter fields, e.g. fermions ψ and vectors A, minimally couple to the metric g¯ but
there is a non-minimal coupling between a scalar field φ and gravity. On the other hand the
Einstein frame action is
S =
∫
d4x
√−g {R + L(φ) +G(φ)Lm(φ, ψ,A, ...)} , (4)
where this time the scalar field φ minimally couples to the metric g but there appears a
coupling between matter fields and the scalar field φ. In the Jordan frame, one usually
assumes that matter is universally coupled, which for baryons is experimentally consistent.
If there were a non-universal coupling, we could write the matter Lagrangian as
∑
A
GA(φ)LA(φ,QA) , (5)
where QA = {ψ,A, ...}. However, it should be noted that in the latter case the definition of
Jordan frame, i.e. where matter is minimally coupled, is not clear and perhaps one could
define a Jordan frame for each QA, if any.
A note is in order. Throughout the foregoing discussion we did not emphasise any frame
as more physical than others and, furthermore, from our dimensional reduction point of
view there is no reason to believe that such a frame exist. In next section, we review some
examples of how physics does not change but interpretations do. Before that, let us remind
the reader below how quantities transform under a conformal transformation as we will make
use of them.
a. Transformation rules: Under a conformal transformation given by
g˜µν = Ω
2gµν (6)
the Ricci scalar transforms as
R˜ = Ω−2
[
R− (D − 1)
(
2
Ω
Ω
− (D − 4)gµν∇µΩ∇νΩ
Ω2
)]
(7)
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and if one can neglect the dynamics of the dilaton field at shorts scales one can find that
matter fields transform as
χ˜ = Ω−(D−2)/2χ for scalars ,
A˜µ = Ω
−(D−4)/2Aµ for vectors ,
ψ˜ = Ω−(D−1)/2ψ for fermions .
(8)
Let us show in more detail the fermion and gauge field cases, as we use this results below.
The action for a Dirac fermion is given by
S =
∫
d4x
√−g
[
−iψ¯γµDµψ −mψ¯ψ − 1
4
FµνF
µν
]
(9)
where Dµ = ∂µ + ieAµ − 14ωabµΣab, γµ are the gamma matrices, Σab = 12
[
γa, γb
]
and ωabµ =
eaν∇µeνb , m is the mass of the fermion and Fµν = ∇µAν − ∇µAν . After the conformal
transformation (6) one obtains
S =
∫
d4x
√
−g˜
[
−i ¯˜ψγ˜µDµψ˜ − m˜ ¯˜ψψ˜ − 1
4
FµνF
µν
]
(10)
where γ˜µ = Ω−1γµ, ψ˜ = Ω−3/2ψ, m˜ = Ω−1m and the gauge field Aµ is conformal invariant
in 4 dimensions. We highlighted the mass in bold as it is the main effect of a conformal
transformation; the mass of the fermion becomes spacetime dependent.
II. FRAME INDEPENDENCE OF OBSERVABLES
The physical equivalence of conformal frames has been extensively discussed in the
literature[4–15] and here we shall just give a brief review. See[16–22] for different points
of view. We show here with an illustrative example[6] how the observables do not depend on
the frame one computes them. In particular, we consider an essential quantity in cosmology,
the redshift.
For simplicity’s sake, let us assume that matter is minimally coupled to an expanding
background. The line element is given by
ds2 = −dt2 + a2(t)d2σ(K), (11)
where a(t) is the scale factor, d2σ(K) is an homogeneous and isotropic 3 dimensional space
and K = ±1, 0. The expansion of the universe is dictated by the Friedmann equation(
a˙
a
)2
≡ H2 = 8piG
3
ρ− K
a2
, (12)
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and due to such expansion, one observes a cosmological redshift
Eobs =
Eemit
1 + z
. (13)
This is regarded as a “proof” of expansion, or at least this is how we interpret the data.
However, as we are interested in conformal frames, let us go to a special frame by choosing
Ω = 1/a and working with conformal time dη = dt/a. By doing so, we go to a frame where
the line element is given by
ds˜2 = Ω2ds2 = −dη2 + dσ2(K) , (14)
which is a static universe and, as such, photons do not redshift. Then, one may wonder
whether this frame is unphysical. Let us show that it is as physical as any other.
Recall that the mass of a fermion, e.g. an electron, is rescaled as (10)
m˜ = Ω−1m =
m
1 + z
(15)
where we used the usual definition of redshift, i.e. a−1 = 1 + z. Consequently, the Bohr
radius scales as ∝ m−1 and, hence, the atomic energy levels scale inversely proportional, i.e.
∝ m. Equation (15) yields time dependent energy levels, namely
E˜n =
En
1 + z
, (16)
where E˜n is the energy levels in the static frame and En is the energy levels in the Jordan
(matter) frame. Thus, it is clear that frequency of photons emitted at a time z(η) from a
level transition n→ n′ is
E˜nn′ =
Enn′
1 + z
, (17)
which is exactly what we observe as Hubble’s law. Then, how do we interpret the Cosmic
Microwave Background (CMB) photons in this static frame? First, the universe was in
thermal equilibrium at T = 2.725K when the electron mass was more than 103 times smaller,
that is at a time z > 103. Afterwards, CMB photons have never redshifted. How about
the rate of scattering/interaction? The Thomson cross section σ˜T scales as ∝ m−2 and the
electron density n˜e is indeed constant in the static frame. Relating them to the matter frame
quantities we respectively have:
σ˜T = σT (1 + z)
2 and n˜e =
ne
(1 + z)3
. (18)
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Therefore, the rate of scattering per unit of proper time remains unchanged,
σ˜T n˜edη =
σT ne
1 + z
dη = σT ne dt . (19)
So far we showed that observed physics, e.g. redshift, is independent of the frame but inter-
pretations of such observables most likely differ. In this way, it might be more appropriate
to call them “representations” rather than frames[6]. One last interesting consequence of the
previous example is that the metric itself is non-observable.
III. CONFORMAL FRAME “DEPENDENCE” OF INFLATION
In this section, let us put to good use all of the previously discussed. It is hopefully clear
that there is no frame more physical than others and that observables do not depend on
the frame one computes them. Bearing this in mind let us consider a two field inflationary
model with the action given by
S =
∫
d4x
√−g
{
1
2
R + Linf (φ)
}
+
√−g¯ Lm(χ) , (20)
where φ and χ are scalar fields and g and g¯ are related by a conformal transformation, i.e.
g¯µν = F
−1(φ)gµν . (21)
This action is not neither in the Jordan frame nor Einstein frame form, but emphasises
the idea of our model. Basically, we assume that φ drives inflation and χ is an spectator
matter field, so-called the curvaton[23–25]. Thus, the curvaton does not contribute to the
inflationary dynamics and need not be in an accelerated expanding universe, i.e. metric
g, but feels the metric g¯, which might not be inflating. The same description applies for
matter fields universally coupled to the metric g¯. Since we define inflation as an accelerated
expansion, we refer to the fact that matter might be in a very different universe as conformal
“dependence” of inflation[26].
In order to avoid any confusion the action in the Jordan (matter) frame is given by
S =
∫
d4x
√−g¯
{
1
2
F (φ)R¯ + L¯inf (φ)− 1
2
g¯µν∇µχ∇νχ− 1
2
m¯2χ2
}
, (22)
while the Einstein frame counterpart is given by
S =
∫
d4x
√−g
{
1
2
R + Linf (φ)− 1
2F (φ)
gµν∇µχ∇νχ− 1
2
m2χ2
}
, (23)
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where we redefined m ≡ F−1/2m¯ and Linf (φ) is the Einstein frame counterpart of L¯inf (φ),
as in general the functional form changes. Notice that in the Einstein frame there is an
explicit coupling between inflaton and curvaton while in the Jordan frame the curvaton is
minimally coupled to the metric g¯. Thus, the “natural” frame of the curvaton is the Jordan
frame while the “natural” frame of inflation, understood as an accelerated expansion, is the
Einstein frame.
At this point, note is in order. We did not specify the functional form of F (φ) or, in other
words, the matter metric g¯. A particular choice of F (φ) corresponds to fixing the model.
Nevertheless, this is not an obstacle as we assume inflation in the Einstein frame and the
curvaton is assumed to be subdominant. Thus, the exact form of F (φ) is not relevant for the
dynamics of inflation. The main point is that if the field χ contributes to the total curvature
power spectrum, as it is the case for the curvaton model, then F (φ) may become extremely
important. It leaves an observable imprint of the matter point of view.
For the sake of simplicity, we considered a simple inflationary model, so-called power-law
inflation[27], as an illustrative example. We proceed as follows: i) we compute the curvature
power spectrum due to the inflaton in the Einstein frame while completely neglecting the
curvaton, ii) we investigate how does g¯ behaves for some choice of F (φ) and iii) we compute
the power spectrum of the curvaton in the Jordan frame in some interesting examples.
b. Brief review of power-law (Einstein frame): The inflaton lagrangian in the power-
law model [27] is given by
Linf (φ) = −1
2
gµν∇µφ∇νφ− V0e−λφ. (24)
An exact solution to the equations of motion yields
a = a0
(
t
t0
)p
H ≡ a˙
a
=
p
t
(25)
φ =
2
λ
ln
(
t
t0
)
(0 < t <∞) (26)
where p = 2/λ2 and λ2V0t20 = 2(3p− 1). Slow roll inflation occurs for p 1. The curvature
and tensor power spectrum at horizon crossing (k = aH) are found to be[27–30], respectively,
PRc =
p
8pi2
H2
M2pl
=
p
8pi2
H20
M2pl
(
k
k0
) −2
p−1
, PT = 2
pi2
H2
M2pl
, (27)
where we recovered the units and from which one can extract the spectral index, that is
nφs − 1 =
d lnPRc
d ln k
=
−2
p− 1 = nT , (28)
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where the superscript φ emphasise that it is the contribution from the inflaton. If there is
no other fields contributing to the power spectrum, the former result is observable through
the CMB. Let us move on to the curvaton.
A. Matter point of view (Jordan frame)
We choose two different couplings to the curvaton. The first one leads us to another
power law but with a different power law index and the second one yields a bouncing matter
metric.
c. Jordan frame power-law. Let us choose that the curvaton metric is related to the
inflationary metric by
F (φ) = eγλφ = (t/t0)2γ , (29)
where γ is a free parameter. Plugging the former to equation (21) yields
a¯ = a0
(
t¯
t¯0
)p¯
, H¯ ≡ 1
a¯
da¯
dt¯
=
p¯
t¯
, (30)
where
p¯ > 1 (0 < t¯ <∞) , p¯ < 1 (−∞ < t¯ < 0) (31)
and
p¯− 1 = p− 1
1− γ , t¯0 =
t0
1− γ , (32)
which is another power law type universe. Interestingly, although there is an accelerated
expansion in the Einstein frame, the curvaton might feel a different evolution, depending on
the choice of γ. Concretely, for p¯ > 1 (γ < 1) we have inflation, 0 < p¯ < 1 (γ > p) leads to a
decelerated contracting universe and for p¯ < 0 (1 < γ < p) it is a superinflationary universe.
The latter is the most interesting case as it yields a blue tilted curvaton power spectrum,
i.e.
n˜χ − 1 = −2
p˜− 1 > 0 (p¯ < 0) , (33)
where we assumed that the curvaton instantly reheats the universe[23–25]. It has exactly
the same form as the inflaton power spectrum (28) but with p¯ instead of p, as one expects
8
FIG. 1. Total power spectrum. Left: Jordan power law curvaton. In red the inflaton curvature
perturbation, in blue the one from the curvaton and in magenta the sum. A black line shows the
tensor power spectrum. Right: Jordan bounce curvaton. In red inflaton curvature perturbation and
in blue the contribution from the curvaton with a initial contracting phase. Lastly, the magenta
dashed line is the total power spectrum in the bouncing case.
from a power law universe. The total power spectrum is shown in left figure 1. It should
be noted that once we fix γ we are fix the curvaton Jordan frame, which obviously leads to
different models, different observational results.
d. Jordan frame bounce. Finally we give another example, a bouncing Jordan metric,
where this time
F (φ) =
(
1 + e−γλφ/2
)−2
=
(
1 + (t/t0)
−γ
)−2
. (34)
Again, plugging this form into equation (21) roughly yields (for p¯ < 1)
a¯ ≈
 a0(−t¯/t¯0)p¯ |t¯|  t¯0 (t¯ < 0)a0(t¯/t¯0)p t¯ t¯0 . (35)
Initially the curvaton is in a contracting universe which bounces and catches up with the
Einstein frame power law. The total power spectrum is shown in right figure 1. The main
feature in this case is a blue tilt at long scales, which if the curvaton dominates at short
scales leads to a suppression of the power spectrum for large k.
IV. DISCUSSION AND CONCLUSIONS
We argued that in higher dimensional theories the presence of dilatonic scalar fields, i.e.
that non-minimally couple to gravity and/or matter, is usually expected. When such a non-
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minimal coupling is present, the notion of conformal frames (or “representations”) appears,
in particular the Jordan (matter) frame and the Einstein frame. We reviewed the physical
equivalence of observables between frames by showing an illustrative example where the
redshift instead of being interpreted as “proof” of expansion is due to a time dependent
electron mass.
We then considered a two field model, where the second field is an spectator field, a
curvaton, and it is minimally coupled to a metric which is not inflating. We define inflation
in the Einstein frame as an accelerated expansion and we call the fact that the curvaton
need not be in such a metric conformal “dependence” of inflation. Thus, we easily get a blue
tilt contribution from the curvaton to the curvature power spectrum by minimally coupling
the curvaton to a superinflationary universe. Furthermore, we considered another example
where the curvaton feels a bouncing universe.
In this way, we emphasized the physical equivalence between conformal frames in cosmol-
ogy while paying special attention to how matter couples to gravity, which might be observa-
tionally relevant if for example the curvaton mechanism is present. Thus, without specifying
the matter frame a model is not completely defined. Moreover, the physical equivalence be-
tween frames related by a generalized transformation, called disformal transformation[31],
has also been shown[32–39].
As a final remark, let us consider the importance of the matter coupling in a more general
theory, such as Horndeski[40, 41] and its extensions[42–45]. Horndeski model implicitly
assumes that matter is minimally coupled, namely
S =
∫
d4x
√−g {LH(φ, g, R) + Lmatter(ψ,A)} , (36)
where LH is a general function of a non-minimally coupled scalar field φ which yields second
order differential equations of motion. On the other hand, if the matter sector is minimally
coupled to a different metric, i.e.
S =
∫
d4x
√−gLH(φ, g, R) +
√−g¯Lmatter(ψ,A) , (37)
we clearly have different model which indeed yields different features. In particular, if g¯ is
related to g by a derivative dependent disformal transformation, the latter theory falls in
the category of beyond Horndeski theory and may experience a breaking of the Vainshtein
mechanism inside astrophysical bodies[46–48]. For these reasons, further study on how
matter could couple to gravity might be an interesting direction.
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